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THE STRETCH OF A FOLIATION AND

GEOMETRIC SUPERRIGIDITY

RAUL QUIROGA-BARRANCO

Abstract. We consider compact smooth foliated manifolds with leaves iso-
metrically covered by a fixed symmetric space of noncompact type. Such ob-
jects can be considered as compact models for the geometry of the symmetric
space. Based on this we formulate and solve a geometric superrigidity problem
for foliations that seeks the existence of suitable isometric totally geodesic im-
mersions. To achieve this we consider the heat flow equation along the leaves
of a foliation, a Bochner formula on foliations and a geometric invariant for
foliations with leafwise Riemannian metrics called the stretch. We obtain as
applications a metric rigidity theorem for foliations and a rigidity type result
for Riemannian manifolds whose geometry is only partially symmetric.

1. Introduction

The symmetric spaces of noncompact type and their quotients have been a source
of a great deal of study. One of the first important steps into the understanding
of the relations between the geometry and topology of compact quotients of such
spaces was given by Mostow’s strong rigidity theorem.

Theorem (Mostow [18]). Let X and Y be compact quotients of symmetric spaces
of noncompact type with the same fundamental group. If X has no closed two
dimensional local factor, then X and Y are isometric up to normalizing constants.

Later on, Mostow’s theory was extended with Margulis’ work by considering the
fundamental group of a quotient of a symmetric space as a discrete subgroup of
a semisimple Lie group, and then proceeding to study the extension problem for
homomorphisms defined on such subgroups. A particular case of the main results
of Margulis translated to the geometry of symmetric spaces is the following:

Theorem (Margulis). Let X̃, Ỹ be symmetric spaces of noncompact type. Assume

that Ỹ is irreducible and rank(X̃) ≥ 2, and let X = X̃/Γ be an irreducible finite

volume quotient. If ρ : Γ → Isom(Ỹ ) is a representation with Zariski dense image,

then there is a ρ-equivariant totally geodesic map X̃ → Ỹ .

From this point, there have been several routes followed in an attempt to gener-
alize or extend the superrigid properties of semisimple Lie groups without compact
factors and the symmetric spaces associated to them. In the context of Lie group
actions, Zimmer [24] extended Margulis’ superrigidity to a cocycle superrigidity
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which has proved useful in the study of actions of semisimple Lie groups without
compact factors.

On the other hand, from a geometric point of view there are several natural
generalizations to both Margulis’ superrigidity and Mostow’s strong rigidity. In
particular it was proved that the strong rigidity of symmetric spaces is a phenome-
non that takes place in the broader context of manifolds with nonpositive curvature:

Theorem (Gromov [2], Ballmann-Eberlein [1]). Let X be a finite volume irreduc-
ible quotient of a symmetric space of rank ≥ 2. Let Y be a complete Riemannian
manifold of bounded nonpositive sectional curvature and finite volume. If π1(X) ∼=
π1(Y ), then X and Y are isometric up to normalizing constants.

In all of the above results the upshot is that for compact (or even finite volume)
quotients of suitably chosen symmetric spaces of noncompact type the geometry is
determined by the topology. Such a general property is attained by proving the
existence of isometric totally geodesic immersions.

It also has been found in general that compact manifolds with smooth foliations
carrying a smooth leafwise Riemannian metric, i.e. a smooth Riemannian metric on
the bundle of vectors tangent to the leaves, can be considered as a compact model
similar to a compact Riemannian manifold. Even though a leaf in one such foliation
is not in general a compact quotient of its universal cover, it has been possible to
extend results given for compact manifolds to this kind of foliations with leafwise
Riemannian metrics. One of the many examples of this remark is a strong rigidity
result for foliations with leaves given by Riemannian quotients of symmetric spaces
of non-compact type that was proved by Zimmer [22]. For a complete discussion of
this result and the concepts involved we refer to [22] and [23]. Here we want to point
out that, given a strong rigidity for foliations and the fact that the superrigidity
of symmetric spaces has been proved to hold in broader contexts, it is natural
to consider a corresponding superrigidity problem for foliations. Based on these
remarks we formulate the following:

Problem A (Superrigidity for foliations). Let M and N be compact smooth man-
ifolds with smooth leafwise Riemannian metrics and let f : M → N be a smooth leaf
preserving map. Assume each leaf of M is isometrically covered by a fixed irreducible
symmetric space Ω of noncompact type, and that each leaf of N has nonpositive sec-
tional curvature. Find a homotopy invariant for f whose non-triviality implies the
existence of an isometric totally geodesic immersion of Ω into some or most of the
leaves of N .

A variation of this problem can be obtained by replacing N above with a Rie-
mannian manifold.

Problem B. Let M be compact smooth manifold with a smooth leafwise Riemann-
ian metric, N a compact Riemannian manifold with nonpositive sectional curvature
and f : M → N a smooth map. Assume that each leaf of M is isometrically covered
by a fixed irreducible symmetric space Ω of noncompact type. Find a homotopy
invariant for f whose non-triviality implies the existence of an isometric totally
geodesic immersion of Ω ↪→ N .

The solution of Problems A and B is the main goal of this paper. Our techniques
are based on the use of a homotopy invariant for maps defined over foliations, called
the stretch. We also make use of extensions to foliated spaces of Bochner formulae
and the theory of harmonic maps.
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1.1. Remarks on notation and conventions. For the definition of a smooth
foliation we refer to Godbillon [9]. This also contains a definition of a finite invariant
transverse measure on a smooth foliation. Another reference for these concepts is
Moore-Schochet [17], which also shows how to build a globally defined measure on
a foliated space out of a finite invariant transverse measure and suitable measures
on the leaves. The latter reference also considers the notion of foliation on metric
spaces as required at some points of this work.

Given an object from differential geometry defined in terms of sections of bundles
coming from the tangent bundle of a manifold, we can consider corresponding
notions on a foliation by using the bundle of vectors tangent to the leaves, i.e. the
involutive distribution associated to the foliation. We refer to such objects as
leafwise defined on the manifold carrying the foliation. For example, a leafwise
Riemannian metric on a foliated manifold (or metric space) is a section of the
bundle of positive definite symmetric bilinear forms over the tangent spaces to the
leaves. Another example of these constructions is given by the leafwise exterior
forms and the leafwise cohomology; the latter is considered in [17], where it is
called tangential cohomology.

Given a leafwise Riemannian metric g on a foliated space M , we can consider
the Riemannian measures on the leaves. These turn out to form a leafwise measure
with the same transversal regularity that g has, and we will denote it by dv. If
µ is a finite invariant transverse measure, then we can consider a global measure
on M , and integration with respect to this will be usually denoted by using dµdv.
However, whenever we want to compute the measure of a subset of M we will use
µ̃ to denote the global measure determined by the integration dµdv.

From now on, M will denote a compact smooth manifold with a smooth folia-
tion carrying a finite invariant transverse measure. We will also assume that M
carries a leafwise Riemannian metric g for which each one of the leaves is a Rie-
mannian manifold isometrically covered by a fixed irreducible symmetric space of
non-compact type Ω. In turn Ω will be always assumed to be of rank ≥ 2 or a
Cayley or quaternionic hyperbolic space.

We also consider most of the basic differential operators of Riemannian geom-
etry along the leaves of a foliation, like the exterior differential or the Levi-Civita
connection. Even though these are only defined along the leaves of a foliation we
use the same standard symbols for them, since we only have occasion to consider
those operators on the leaves. However, for the commonly used bundles associated
to a foliation we use F as a subindex to emphasize its dependence on the foliation,
e.g. the leafwise tangent bundle of a foliated space M is denoted by TFM .

We are interested in considering maps from M into a compact manifold N car-
rying some sort of Riemannian structure. In view of Problems A and B we will con-
sider two choices for N . It is either a compact Riemannian manifold or a compact
manifold with a smooth foliation carrying a smooth leafwise Riemannian metric.
When necessary we will specify our choice, but we will denote by the same symbol
h the metric for N , whether it is a Riemannian metric or a leafwise Riemannian
metric.

1.2. Main theorems and sketch of their proofs. For Riemannian manifolds a
geometric superrigidity has been developed for symmetric spaces by making use of
the existence of harmonic maps which are then proved to be totally geodesic with
the use of Bochner formula techniques.
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Gromov [11] has considered the existence problem of harmonic maps from a
foliation with a leafwise Riemannian metric into a Riemannian manifold. His tech-
niques are based on a study of the parabolic heat equation along the leaves of a
foliation, whose solution for all time is guaranteed by the work of Li and Tam [15].
Corlette-Zimmer [3] pointed out that most of the basic results of Gromov [11] can
be extended easily to leaf preserving maps between foliations. However, in both
setups it is not possible in general to have convergence of the heat flow as t→∞,
so we do not have a ready-to-use existence theorem for harmonic maps.

On the other hand, the Bochner formula of Mok-Siu-Yeung [16] can be easily gen-
eralized to foliated manifolds, and we establish this fact in Theorem 4.3. Hence, the
main difficulty in extending the arguments of geometric superrigidity for manifolds
to foliations lies in the existence problem for harmonic maps.

With regard to this, it has been proved in [11] that the presence of a finite
invariant transverse measure on our foliated manifold M implies the existence of
harmonic maps from the leaves of M into Riemannian manifolds, whenever we
start a heat flow with a map of bounded energy density. In subsection 4.2 we use
our foliated Bochner formula and its corollaries to extend this result of [11] and
prove the existence of totally geodesic maps from the leaves of M into either N or
the leaves of N (according to whether N is a Riemannian manifold or a foliated
manifold with a leafwise Riemannian metric), whenever we start a heat flow with a
smooth map f : M → N (leaf preserving when N is a foliated space). Our relevant
result here is Theorem 4.6.

However we need the totally geodesic maps to be non-constant to solve Prob-
lems A and B, and hence we need to impose some additional condition to achieve
this. In [11] the notion of stretch of a map is introduced as a straightforward gener-
alization to foliations of what is called in [4] the intersection of a map. In section 2
we consider the stretch for both maps between foliations and maps from foliations
to Riemannian manifolds. For a map f : M → N the stretch is a non-negative real
number denoted by stre(f) which, as remarked in [4] and [11], is an invariant of leaf
preserving homotopies. We further prove that it is invariant under a measurable
heat flow (see subsections 2.2 and 3.3).

On the other hand, we consider the stretch of a map f as above to be non-trivial
when it is positive. To better understand this condition we remark that, for the case
of N a Riemannian manifold, it turns out that stre(f) is positive if f maps a large
number of leaves of M into N so that their lifts to the universal cover of N grow to
infinity at least as fast as the growth of the geodesics in the universal covers of the
corresponding leaves in M (see Definition 2.7). Hence the condition stre(f) > 0
ensures a certain proper behavior of f at the level of universal covers. When we
apply this to the identity map we obtain a condition that imposes a restriction on
the way the leaves are wrapped around a compact manifold.

Then an inequality between the stretch and the total energy of a map (see
Proposition 2.9) is used to show that the totally geodesic maps from the leaves
of M into either N or the leaves of N are non-constant whenever the initial map
f : M → N for the heat flow equation has positive stretch. This allows us to
prove that the stretch of a map is a homotopy invariant that provides solutions to
Problems A and B (see Theorems 4.8 and 4.14).

Finally we develop conditions for the stretch to be positive, and obtain as corol-
laries the following applications to both the geometry of foliations and Riemannian
manifolds:
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Theorem 4.15. Let M be a compact manifold with a smooth foliation F , a finite
invariant transverse measure and a smooth leafwise Riemannian metric g. Assume
that each leaf is isometrically covered by an irreducible symmetric space Ω of non-
compact type, which is either of rank ≥ 2 or a Cayley or quaternionic hyperbolic
space. Let h be a smooth leafwise Riemannian metric on M which has nonpositive
sectional curvature if rank(Ω) ≥ 2, and nonpositive complexified sectional curvature
otherwise. Then g and h are homothetic on µ-a.e. leaf of M .

Theorem 4.12. Let (M, g) be a compact connected Riemannian manifold such that

its universal cover (M̃, g) has as a de Rham factor an irreducible symmetric space
Ω of noncompact type which is either of rank ≥ 2 or a Cayley or quaternionic
hyperbolic space. If h is a Riemannian metric on M with nonpositive sectional
curvature in the case of rank(Ω) ≥ 2 and with nonpositive complexified sectional
curvature otherwise, then the Riemannian universal cover of (M,h) has an irre-
ducible de Rham factor containing Ω by an isometric totally geodesic embedding.
In particular, if rank(Ω) ≥ 2 and all rank 1 factors of (M̃, h) have strictly negative
sectional curvature, then through every point of (M,h) there is an isometric and
totally geodesic immersed copy of Ω.

In a personal communication, Patrick Eberlein has remarked that using [5] and
[6] it is possible to show a result similar to Theorem 4.12 if we assume stronger
conditions on the geometry of (M, g). More specifically, Theorem 4.12 follows from
[5] and [6] if we further assume that the Riemannian universal cover of (M, g)

isometrically splits as (M̃, g) = (Ω, g1) × (Y, g2), so that either (Y, g2) has discrete
isometry group or it has nonpositive sectional curvature and no Euclidean factors.
Eberlein’s techniques are different from those considered here, and none of these
restrictions on Y are required for Theorem 4.12.

In section 4 we develop several other results that show how positivity of the
stretch imply rigidity type properties for the geometry of foliations M as described
before.

2. Stretch of Maps and Foliations

2.1. Preliminary definitions and properties. We start this subsection with
the following definition which is motivated by [4].

Definition 2.1. Let (X, g) and (Y, h) be complete Riemannian manifolds and
f : X → Y a smooth map, and let SX be the unit tangent bundle of X . We
define a function φ : R × SX → R as follows. For v ∈ SX and t ∈ R, let γt be
the geodesic with initial velocity vector v and restricted to either [0, t] or [t, 0].
Then φt(v) = φ(t, v) = minimum of the lengths of paths in Y homotopic with fixed
endpoints to f(γt).

Remark 2.2. Note that in Definition 2.1 the minimum is attained at some geodesic
α in Y , joining the endpoints of f(γt), having a lift to the universal cover of Y with
the same endpoints as some lift of f(γt). If Y has no conjugate points, then α is
the image onto Y of the unique geodesic in the universal cover of Y joining the
endpoints of a fixed lift of f(γt).

The function φt in Definition 2.1 seeks to measure the non-triviality of the map
f with respect to the geometry of the Riemannian manifolds X and Y .

In [4] the following property of φt is proved.
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Lemma 2.3. For X, Y and f as above,

φt+t′(v) ≤ φt′(gtv) + φt(v),

where t, t′ ∈ R, v ∈ SX and gt : SX → SX is the geodesic flow.

The following definition provides invariants that allow to use the function φt to
understand some of the geometric features of a smooth map between Riemannian
manifolds.

Definition 2.4. Let (X, g) and (Y, h) be complete Riemannian manifolds, and for
a smooth map f : X → Y consider φt as in Definition 2.1. We define the pointwise
stretch of f as the function on SX given by

p-stre(f)(v) = lim inf
t→∞

φt(v)

t
.

If X is compact, then we define the stretch of f by

stre(f) = inf
t∈R+

∫
SX

φt(v)

t
dL(v) = lim

t→∞

∫
SX

φt(v)

t
dL(v),

where dL denotes the Liouville measure on SX obtained from g, i.e. the Riemannian
measure on SX associated to the natural Riemannian structure on SX coming from
g.

Remark 2.5. The last identity in the definition of stretch follows from the invariance
of dL under gt and by Lemma 2.3. Furthermore for X compact, by the subadditive
ergodic theorem, the limit

lim
t→∞

φt(v)

t
exists for L-a.e. v ∈ SX , and we have

stre(f) =

∫
SX

p-stre(f)(v) dL(v).

As an example of how the stretch measures the non-triviality of a map we have
the following:

Proposition 2.6. If X and Y are compact Riemannian manifolds, f : X → Y is
a smooth (not necessarily Riemannian) covering and X has no conjugate points,
then there is a constant C > 0 such that p-stre(f) ≥ C. In particular, stre(f) > 0.

Proof. Let v ∈ SX , t ≥ 0 and γt the geodesic with initial velocity vector v restricted
to [0, t]. Let g and h be the Riemannian metrics of X and Y , respectively. Denote
by α a geodesic in Y homotopic with fixed endpoints to f(γt) satisfying:

φt(v) = length(Y,h)(α).

Since f is a covering, there is a path α0 in X homotopic with fixed endpoints to
γt so that α = f(α0). Being (X, g) without conjugate points, the lifts of γt to the
universal cover of X realize distance between their endpoints, and by lifting the
fixed endpoints homotopy between γt and α0 we observe that

length(X,g)(α0) ≥ length(X,g)(γt) = t.

Since X is compact g and f∗h are quasi-isometric, so there is a constant C > 0
such that

length(X,f∗h)(α0) ≥ C length(X,g)(α0).
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But since f is a covering and α = f(α0), we have

length(Y,h)(α) = length(X,f∗h)(α0).

From all of the above inequalities we obtain

φt(v) ≥ Ct

from which the conclusion clearly follows.

As shown in [4], the notion of stretch for compact Riemannian manifolds can be
used to understand their geometry. Here, we will follow Gromov [11] and use it to
understand the leafwise geometry of a foliation.

In the rest of the subsection we will assume, as stated in subsection 1.1, that M
is a compact manifold with a smooth foliation F carrying a leafwise Riemannian
metric g and a finite invariant transverse measure µ, and we will make use of the
previous remarks.

Denote by SFM the leafwise unit tangent bundle of M , i.e. the smooth bundle
over M whose fibers are the tangent vectors to the leaves of F which are unitary
for g. SFM has a natural foliation such that the canonical projection p : SFM →
M is a smooth leaf preserving map, and so that the inverse image of a leaf is
a leaf. Moreover, p maps local transversals of SFM diffeomorphically into local
transversals of M , and since M has a finite invariant transverse measure µ then
SFM inherits µ as a finite invariant transverse measure. Furthermore, any such µ
on SFM and the Liouville measures on the unit tangent bundles of the leaves of
M (obtained from the leafwise Riemannian structure g) add up to a finite measure
on SFM , which we denote by µL. For gt the leafwise geodesic flow on SFM , it is
clear that µL is gt-invariant.

Definition 2.7. Let M be a compact manifold with a smooth foliation F carrying
a leafwise Riemannian metric g, let N be a smooth manifold and f : M → N a
measurable leafwise smooth map. Assume that either one of the following holds:

(a) N carries a smooth complete Riemannian metric h and f is leafwise smooth,
or

(b) N has a smooth foliation carrying a smooth leafwise Riemannian metric h
which is complete in every leaf and f is a leaf preserving and leafwise smooth
map.

We define a map φ : R×SFM → R by restricting f to each leaf of M and applying
Definition 2.1. Then the pointwise stretch of f is the function on SFM defined by

p-stre(f)(v) = lim inf
t→∞

φt(v)

t
.

If M has a finite invariant transverse measure µ, then the stretch of f is defined by

stre(f) = inf
t∈R+

∫
SFM

φt(v)

t
dµL(v) = lim

t→∞

∫
SFM

φt(v)

t
dµL(v).

Remark 2.8. As in Remark 2.5, the last identity follows from Lemma 2.3. Further-
more, the limit

lim
t→∞

φt(v)

t
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exists for µL-a.e. v ∈ SFM , and we have

stre(f) =

∫
SFM

p-stre(f)(v) dµL(v).

The main feature we want to exploit from the stretch of a map is its ability to
control the total energy of the map. More specifically, we have the following result
which generalizes an inequality proved in [4].

Proposition 2.9. Let M , N and f : M → N be as in Definition 2.7. Assume that
M has a finite invariant transverse measure µ and that f is a map with finite total
energy, i.e.

E(f) =
1

2

∫
M

|df |2 dµ dv <∞.

Then we have

E(f) ≥ n

2C2
n−1µ̃(M)

stre(f)2,(a) ∫
M

|df | dµ dv ≥ 1

Cn−1
stre(f),(b)

where n is the dimension of the leaves of M , Cn−1 is the volume of the unit sphere
in Rn and µ̃ is the global measure on M defined by µ and the leafwise Riemann-
ian volumes on M . Moreover, the inequality (a) is strict unless f is leafwise a
Riemannian homothety and the image under f of every geodesic in a leaf of M is
homotopy minimizing in N .

Proof. It is a straightforward computation that follows the steps found in [4].

2.2. Homotopy invariance of the stretch. For the main applications of Propo-
sition 2.9 we will show that the stretch of a map is invariant under certain homo-
topies. Here we have the following easy generalization of a result from [4].

Proposition 2.10. Let M , N and f : M → N be as in Definition 2.7. Assume
that f is continuous and that M carries a finite invariant transverse measure µ.
If ft, with 0 ≤ t ≤ 1, is a continuous homotopy of f with f = f0, which is leaf
preserving in the case of N a foliated manifold, then stre(f) = stre(f1).

Proof. Since M is compact, there is a constant C such that for every m ∈ M the
path fs(m), s ∈ [0, 1], is homotopic with fixed endpoints to a path in N whose
length is ≤ C. In the case of N a foliated manifold we are assuming that the
homotopy takes place within a leaf.

Hence, if φt and ψt denote the functions as given in Definition 2.7 for f and f1,
respectively, then it is easy to check that

φt(v) ≤ ψt(v) + 2C

for all v. Then dividing by t and taking the limit as t → ∞ we obtain stre(f) ≤
stre(f1), and the reverse inequality is proved with the same argument.

In subsection 3.3 we will extend this result by proving that the stretch is invariant
under a measurable leafwise heat flow.



THE STRETCH OF A FOLIATION 2399

2.3. Positively stretched foliations. From what we have already discussed it
should be clear that a map with positive stretch has some geometric non-triviality.
Because of this, for the geometric rigidity applications it will be useful to have a
criterion to ensure that a map has positive stretch. Such a result would be more
useful if one could make it depend as much as possible on the spaces involved.
In order to achieve this we introduce the notion of positive stretch for compact
foliations.

Definition 2.11. Let M be a compact manifold with a smooth foliation F and a
leafwise Riemannian metric g. Assume that h is a Riemannian metric on M . Then
by using the identity map id : (M,F , g) → (M,h) we define the pointwise stretch
of M as the function on SFM given by

p-stre(M,h;F , g) = p-stre(id).

Similarly, if M carries a finite invariant transverse measure µ, then the stretch of
M is defined by

stre(M,h;F , g) = stre(id).

We say that M together with the above given structure is positively stretched if
stre(M,h;F , g) > 0.

By compactness, there is certain independence of the properties of the stretch
of a foliation with respect to the choice of h.

Proposition 2.12. Let M be a compact manifold with a smooth foliation F , a
leafwise Riemannian metric g and a finite invariant transverse measure µ. If h1

and h2 are Riemannian metrics on M , then there exist constants a, b > 0 such that

a stre(M,h1;F , g) ≤ stre(M,h2;F , g) ≤ b stre(M,h1;F , g).
Proof. Let φt and ψt be the functions as in Definition 2.7 corresponding to the
identity maps (M,F , g) → (M,h1) and (M,F , g) → (M,h2), respectively. For
v ∈ SFM and t ≥ 0, let γt be the g-geodesic with initial velocity vector v restricted
to [0, t]. Denote by α1 and α2 the geodesics in (M,h1) and (M,h2), respectively,
that are homotopic with fixed endpoints to γt and satisfy φt(v) = lengthh1

(α1) and
ψt(v) = lengthh2

(α2).
If γ̃t is a lift of γt to the universal cover of M and α̃1, α̃2 are lifts of α1, α2

with the same endpoints, then by the choice of α1 the geodesic α̃1 realizes the h1-
distance between its endpoints, and a similar condition holds for α̃2. Since h1 and
h2 are quasi-isometric when lifted to the universal cover of M , it follows that there
is a constant c depending on the metrics only such that

lengthh1
(α1) = lengthh1

(α̃1) ≥ c lengthh2
(α̃2) = lengthh2

(α2).

Hence it follows that φt(v) ≥ cψt(v), and this implies

stre(M,h1;F , g) ≥ c stre(M,h2;F , g).

Remark 2.13. From the above proposition it follows that:

stre(M,h1;F , g) > 0 ⇔ stre(M,h2;F , g) > 0.

When this holds we write stre(M,F , g) > 0, and we say (M,F , g), or simply that
M , is positively stretched.
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The condition of a foliated manifold being positively stretched can be used to
prove that maps with certain properties have positive stretch. For the following
example, we recall that a submanifold Y of a Riemannian manifold (N, h) is said to
have bounded distortion if the distance functions d(N,h)|Y and d(Y,h|Y ) are quasi-
isometric.

Proposition 2.14. Let M be a compact connected manifold with a smooth foliation
F , a leafwise Riemannian metric g and a finite invariant transverse measure µ. Let
(N, h) be a complete Riemannian manifold and f : M → N a smooth map. Assume
that the following hold:

(a) f is an immersion and Y = f(M) is a manifold,

(b) there is a lift f̃ : M̃ → Ñ to universal covers, such that f̃(M̃) = Ỹ is a simply

connected bounded distortion submanifold of Ñ .

Then there is a constant C > 0 such that

stre(f) ≥ C stre(M, f∗h;F , g).
In particular, if (M,F , g) is positively stretched, then stre(f) > 0.

Proof. Let φt and φ̃t be the functions given in Definition 2.7 corresponding to
f : M → N and id : (M,F , g) → (M, f∗h), respectively. Fix v ∈ SFM and t ≥ 0,
and let γt be the geodesic determined by v restricted to [0, t].

Denote by α a geodesic in (Y, h) of minimun length among all paths homotopic
in Y , with fixed endpoints, to f(γt). Also, denote with β the geodesic in (N, h) of
minimum length among all paths homotopic in N , with fixed endpoints, to f(γt).
Then by definition we have

φt(v) = length(N,h)(β).

If δt is a lift of f(γt) to Ỹ , then, since Ñ and Ỹ are simply connected,

length(N,h)(β) = d(Ñ,h)(δt(0), δt(t)),

length(Y,h)(α) = d(Ỹ ,h)(δt(0), δt(t)).

Hence, by the bounded distortion condition on Ỹ , there is a constant C > 0,
independent of t and v, such that

length(N,h)(β) ≥ C length(Y,h)(α).

By compactness f : M → Y is a covering, and since α is homotopic with fixed
endpoints to f(γt), there is a path α0 in M , homotopic with fixed endpoints to γt,
such that f(α0) = α. In particular,

length(Y,h)(α) = length(M,f∗h)(α0).

On the other hand, since φ̃t(v) is the minimum of the lengths in (M, f∗h) of paths
homotopic in M with fixed endpoints to γt, we have

length(M,f∗h)(α0) ≥ φ̃t(v).

And then collecting the relations obtained we find that

φt(v) ≥ Cφ̃t(v),

which after integrating yields

stre(f) ≥ C stre(M, f∗h;F , g).
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As an immediate consequence of this result we have:

Corollary 2.15. With (M,F , g) and (N, h) as above, if f : M → N is a smooth
covering, then

stre(f) ≥ C stre(M, f∗h;F , g)
for some constant C > 0. In particular, if (M,F , g) is positively stretched, then
stre(f) > 0.

We now prove a sufficient condition for a foliation to be positively stretched.

Proposition 2.16. Let M be a compact manifold with a smooth foliation F and
a finite invariant transverse measure µ. Assume h is a Riemannian metric on M
satisfying:

(a) in the universal cover (M̃, h) the induced foliation F̃ has leaves with uniform
bounded distortion and a.e. leaf is simply connected,

(b) h|F is a leafwise Riemannian metric on (M,F) without conjugate points.

Then

stre(M,h;F , h|F ) > 0.

In particular, (M,F , h|F ) is positively stretched.

Proof. Let φt be the function given in Definition 2.7 corresponding to the identity
map id : (M,F , h|F) → (M,h). Fix t ≥ 0 and v ∈ SFM so that the leaf L
containing p(v) is covered by a simply connected leaf L̃ in M̃ , and let γt be the
h|F -geodesic with initial velocity vector v and restricted to [0, t]. Let γ̃t be a lift of

γt lying in L̃. Since h|F has no conjugate points and L̃ is simply connected,

dL̃(γ̃t(0), γ̃t(t)) = length(γ̃t) = length(γt) = t.

Let α be an h-geodesic in M with minimum length among all paths homotopic to
γt in M with fixed endpoints. Then by definition

φt(v) = length(α).

Since α is homotopic with fixed endpoints to γt, it has a lift, say α̃, to M̃ with the
same endpoints of γ̃t. By the choice of α the lift α̃ minimizes the distance in (M̃, h)
between its endpoints, which are those of γ̃t, and hence

length(α) = length(α̃) = dM̃ (γ̃t(0), γ̃t(t)).

Since the foliation F̃ has leaves with uniform bounded distortion, there is a constant
C > 0, depending only on h and F̃ , such that

dM̃ (γ̃t(0), γ̃t(t)) ≥ C dL̃(γ̃t(0), γ̃t(t)).

Since h|L has no conjugate points, we have

dL̃(γ̃t(0), γ̃t(t)) = t.

Collecting the above relations we find that φt(v) ≥ Ct, and hence

stre(M,h;F , h|F) > CµL(SFM) > 0.

As a consequence we obtain the following result:
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Proposition 2.17. If (M,h) is a compact manifold without conjugate points and
F is a totally geodesic foliation of M carrying a finite invariant transverse measure,
then

stre(M,h;F , h|F ) > 0.

Proof. Let M̃ be the universal cover of M . Since (M̃, h) has no conjugate points

and the induced foliation F̃ is totally geodesic, the leaves are isometrically (in the

sense of metric spaces) immersed in M̃ . Also, being totally geodesic, the leaves of

F̃ are simply connected since M̃ is simply connected. Finally, since F is totally
geodesic the leafwise metric h|F has no conjugate points, so Proposition 2.16 gives
the conclusion.

Also as a corollary we have:

Proposition 2.18. Let (M,h) be a compact connected Riemannian manifold whose

universal cover M̃ has a de Rham factor (Ω, g0) without conjugate points. Assume

that the foliation in M̃ defined by Ω induces a foliation F , and let g be the leafwise
Riemannian metric induced by g0. Then (M,F , g) is positively stretched.

Proof. In the universal cover M̃ of M the lifted foliation F̃ has leaves given by Ω,
so they are clearly simply connected and isometrically immersed (as metric spaces)

in M̃ . Since g0 has no conjugate points, the same holds true for g. Hence, the
conclusion follows from Proposition 2.16.

Because of the applications we are seeking we will consider foliations by sym-
metric spaces of noncompact type, which will turn out to be positively stretched.

Let H be a connected centerless semisimple Lie group of noncompact type, G ⊂
H a connected closed semisimple subgroup of noncompact type, Γ ⊂ H a torsionless
cocompact lattice and K ⊂ G a maximal compact subgroup. Then M = Γ\H/K
is a compact manifold with a foliation F induced by the right G-orbits in H , and
the leaves are smoothly covered by Ω = G/K. It is easy to see that F has a finite
invariant transverse measure µ. For this space the following is satisfied:

Lemma 2.19. Let H, G and Γ be as above. Then:

(a) Any H-invariant metric h on H/K induces a smooth leafwise Riemannian
metric g = h|F on Γ\H/K with leaves locally isometric to the symmetric
space Ω = G/K.

(b) For any two choices of K and h as in (a), the resulting leafwise Riemannian
metrics are homothetic on the irreducible factors of the universal covers of the
leaves, with homothety constants independent of the leaves. In particular, for
(Γ\H/K, h;F , h|F) the property of being positively stretched is independent of
the choice of the H-invariant metric h and the maximal compact subgroup K
of G.

Proof. Let h and g be as in (a). The right G-orbit in H passing through x maps
in the space H/K onto the leaf xG/K. In particular, the leaf through e in H/K
is G/K contained by the natural inclusion G/K ↪→ H/K. And since the metric
h is H-invariant, the restriction of g to the leaf G/K is G-invariant and defines a
symmetric space.
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On the other hand, the leaf xG/K passing through xK is diffeomorphically
mapped onto G/K by the map

H/K → H/K,

yK 7→ x−1yK,

which is a global isometry of (H/K, h), and then xG/K is also locally symmetric.
For fixed K, any two H-invariant metrics onH/K are symmetric when restricted

to G/K and hence homothetic on irreducible factors. By the H-invariance this
homothety extends to all the foliation, with constants independent of the leaves.

Now let K and K0 be maximal compact subgroups of G. Then there exists
x ∈ G such that K0 = x−1Kx and the map

H/K → H/K0,

yK 7→ yxK0,

is an H-invariant diffeomorphism preserving the foliation induced by the right G-
orbits in H . This map defines a G-invariant diffeomorphism between the symmetric
spaces G/K and G/K0, and hence (for any choice of metrics as in (a) associated
to K and K0) a homothety on irreducible factors. By H-invariance this homo-
thety on irreducible factors extends to the whole foliation with homothety constants
independent of the leaves.

Concerning the spaces described above, we have:

Theorem 2.20. Let H, G and Γ be as above. Then for F the foliation in Γ\H/K
induced by the right G-orbits in H we have:

(a) There is a maximal compact subgroup K of G and an H-invariant metric h
on H/K so that F is totally geodesic in (Γ\H/K, h) and

stre(Γ\H/K, h;F , h|F) = vol(SFΓ\H/K).

(b) For any maximal compact subgroup K of G and any H-invariant metric h in
Γ\H/K,

stre(Γ\H/K, h;F , h|F) > 0.

Proof. The inclusion G ⊂ H induces an inclusion g ⊂ h of their Lie algebras. Since
both g and h are semisimple by [19], g is canonically embedded in h. In other words,
there is a Cartan involution θ of h such that θ(g) = g, and hence θ|g is a Cartan
involution (see page 261 of [19]). Let h = l + n and g = k + m be the associated
Cartan decompositions, where l and k are the maximal compact subalgebras. By
the choice of the involutions we have k ⊂ l and m ⊂ n. Let K ⊂ G and L ⊂ H be
maximal compact subgroups with Lie(K) = k and Lie(L) = l.

Since l and n are AdH(L)-invariant, we can choose an AdH(L)-invariant inner
product on h, say 〈·, ·〉, such that l ⊥ n. Then for the restriction of 〈·, ·〉 to g we
have k ⊥ m.

Consider the left H-invariant Riemannian metric on H determined by 〈·, ·〉 at
TeH = h, which we will denote by the same symbol. By AdH(L)-invariance the
Riemannian metric 〈·, ·〉 is also right L-invariant.

Let h be the H-invariant Riemannian metric on H/K induced by 〈·, ·〉. We
will prove that the foliation in H/K coming from the right G-orbits in H is totally
geodesic with respect to h. ByH-homogeneity it is enough to check that the natural
inclusion G/K ↪→ (H/K, h) is totally geodesic.
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By right L-invariance of 〈·, ·〉 in H , this metric induces H-invariant Riemannian
metrics on H/K and H/L such that the natural projections H → H/K and H →
H/L are Riemannian submersions. Let π : H/K → H/L be the natural projection;
then, since the diagram

H

H/K
π

H/L

commutes, it is easy to check that π is a Riemannian submersion.
The metric on H induces a left G-invariant and right K-invariant Riemannian

metric on G, such that G→ G/K is a Riemannian submersion and G/K ↪→ H/K is
an isometric immersion. On the other hand, since K = G∩L we have the following
commutative diagram of natural maps:

G H

G/K
α

H/L

where the vertical maps are Riemannian submersions and G → H is an isometric
immersion. Taking differentials at e we get the following commutative diagram:

g h

m
dα

n

where the vertical maps are orthogonal projections associated to the Cartan decom-
positions. Hence, dα is the natural inclusion and an isometric immersion. Then,
by the G-invariance of the corresponding diagram with Lie groups, the map α is
an isometric immersion. Furthermore, since H/L is symmetric and g is θ-invariant,
the map α is totally geodesic.

Let v ∈ Te(G/K) ⊂ Te(H/K) with |v| = 1, and let γ be the geodesic in H/K
with initial velocity vector v. Since π is a Riemannian submersion, we have

1 = |v|2H/K = |dπ(v)|2H/L + |v0|2H/K ,
where v0 is the vertical component of v with respect to π. And since the diagram

H/K
π

H/L

G/K

α

commutes, we have that

|dπ(v)|2H/L = |dα(v)|2H/L = |v|2G/K = 1,

since α is an isometric immersion. Then the above relations show that v0 = 0; in
other words v is π-horizontal. By [8] the geodesic γ is π-horizontal and π(γ) is a
geodesic in H/L. The initial velocity vector of π(γ) is given by

(π ◦ γ)′(0) = dπ(γ′(0)) = dπ(v) = dα(v),
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and since the inclusion α is totally geodesic it follows that there is a geodesic γ0 of
G/K such that α(γ0) = π(γ). Then, by the last commutative diagram, it follows
that π(γ0) = π(γ). On the other hand, the same argument used with v proves that
γ0, being tangent to G/K, is a π-horizontal curve in H/K. Hence, γ and γ0 are
π-horizontal lifts of the geodesic π(γ) passing through the basepoint of v, and by
uniqueness it follows that γ = γ0. In other words, γ is a curve in G/K.

From the above we conclude that G/K ↪→ H/K is totally geodesic at e, and by
G-invariance it is totally geodesic elsewhere.

Finally we will prove that (Γ\H/K, h;F , h|F) is positively stretched for the
above choices, and from the previous results in this subsection it will be positively
stretched for any other choice of h and K.

In fact we will prove that

stre(Γ\H/K, h;F , h|F) = vol(SFΓ\H/K),

and for this we will consider the universal cover of Γ\H/K.

Let H̃ be the universal cover of H and let G̃, K̃, L̃ be the connected closed
subgroups with Lie algebras g, k, l, respectively. The metric 〈·, ·〉 in H lifts to a

Riemannian metric on H̃ which is left H̃-invariant and right L̃-invariant. As before,
we have a Riemannian metric h on H̃/K̃ which is H̃-invariant and such that the

natural map H̃/K̃ → Γ\H/K is a Riemannian universal cover.
We want to prove the following:

Claim 1. Any geodesic in H̃/K̃ joining two points in G̃/K̃ and that realizes the

distance in H̃/K̃ between them lies entirely inside of G̃/K̃.

First assuming the claim, let v ∈ SFΓ\H/K, t ≥ 0, and let γt be the geodesic

with initial velocity vector v and restricted to [0, t]. Let γ̃t be a lift of γt to H̃/K̃.

Without loss of generality, we can assume that γ̃t ⊂ G̃/K̃.

Let δ be an h-geodesic in H̃/K̃ with the same endpoints as γ̃t and realizing the

distance in H̃/K̃ between them. By Claim 1, δ ⊂ G̃/K̃, and so it is a geodesic in

G̃/K̃. Since G̃/K̃ has no conjugate points it follows that δ = γ̃t, and the length
function φt from Definition 2.7 corresponding to the identity map satisfies

φt(v) = length(δ) = length(γ̃t) = length(γt) = t.

From this it follows that

stre(Γ\H/K, h;F , h|F) = vol(SFΓ\H/K)

Now we will prove Claim 1.
By [12] the exponential exp: h → H̃ maps n diffeomorphically onto its image.

Moreover, the map

Φ: exp(n)× L̃→ H̃,

(x, y) 7→ xy,

is a diffeomorphism. Since K̃ ⊂ L̃, Φ induces the diffeomorphism

Ψ: exp(n)× L̃/K̃ → H̃/K̃,

(x, yK̃) 7→ xyK̃,
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and under the identification Ψ the natural projection exp(n) × L̃/K̃ → exp(n)
induces a submersion

π̃ : H̃/K̃ → exp(n).

Since the metric on H̃ is right L̃-invariant and since Ψ is given by the product, it
easily follows that there is a unique Riemannian metric on exp(n) such that π̃ is a
Riemannian submersion. Moreover, by [12] the canonical projection maps exp(n)

diffeomorphically onto H̃/L̃ = H/L, and hence via this identification the map π̃ is

the H̃-invariant submersion that lifts the Riemannian submersion π : H/K → H/L
considered earlier in this proof.

Let δ : [0, 1] → H̃/K̃ be a geodesic such that δ(0), δ(1) ∈ G̃/K̃ and realizing

the length in H̃/K̃ between its endpoints. By homogeneity we can assume that

δ(0) = eK̃ and δ(1) = xK̃, where x ∈ exp(m).
Write Ψ−1 ◦ δ = (δ1, δ2), so that we have δ1(0) = e and δ1(1) = x. Now consider

the path

δ0 : [0, 1] → H̃/K̃,

δ0(t) = δ1(t)K̃,

which has the same endpoints as δ. By our choice Ψ−1(δ0) ⊂ exp(n) × {eK̃}, and
so it follows that δ0 is π̃-horizontal. It is also clear that π̃(δ) = π̃(δ0), and hence, π̃
being a Riemannian submersion, we have

length(δ) ≥ length(π̃(δ)) = length(π̃(δ0)) = length(δ0).

Since δ0 has the same endpoints as δ, by the length minimizing property of δ it
follows that δ is π̃-horizontal. Hence π̃(δ) is a geodesic in H̃/L̃ = H/L, and since
α : G/K → H/L is totally geodesic, by the commutative diagram

H̃/K̃
π̃

H/L

G̃/K̃ G/K

α

the path δ lies entirely inside of G̃/K̃.

To conclude this section we show that diffeomorphisms of foliations have positive
stretch, whenever we are dealing with metrics without conjugate points. This will
be used for our applications to geometric superrigidity of foliations.

Proposition 2.21. Let M be a compact manifold with a smooth foliation F car-
rying a finite invariant transverse measure µ. Assume that g and h are smooth
leafwise Riemannian metrics and that g has no conjugate points. If f is a leaf
preserving self-diffeomorphism of M , then the stretch of f : (M,F , g) → (M,F , h)
is positive.

Proof. Fix v ∈ SFM , t > 0, and let γt be the g-geodesic with initial velocity vector
v and restricted to [0, t]. Let α be an h-geodesic homotopic with fixed endpoints to
f(γt), inside the leaf of M containing f(γt), such that

φt(v) = lengthh(α),
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where φt is the function given in Definition 2.7. Since f is a diffeomorphism, there
is a path α0 in the leaf of M through the basepoint of v homotopic with fixed
endpoints to γt such that f(α0) = α, and in particular

lengthh(α) = lengthf∗h(α0).

Since M is compact the smooth leafwise Riemannian metrics g and h are quasi-
isometric, so there is a constant C > 0 such that

lengthf∗h(α0) ≥ C lengthg(α0).

The homotopy between γt and α0 lifts to a fixed endpoints homotopy in the univer-
sal cover of the leaf containing them, between paths γ̃t and α̃0, where we assume
that γt lifts to γ̃t and α0 lifts to α̃0. In particular

lengthg(α0) = lengthg(α̃0).

Since γt is a g-geodesic and g has no conjugate points, it follows that

lengthg(α̃0) ≥ lengthg(γ̃t) = t.

The above relations show that φt(v) ≥ Ct, so we conclude that

stre(f) ≥ CµL(SFM) > 0.

3. Foliated Heat Flow

3.1. Preliminaries on vector bundles over foliations. In this subsection we
recall some elementary constructions from Riemannian geometry adapted to vector
bundles over foliations.

As remarked before, we are assumingM to be a compact manifold with a smooth
foliation F and a finite invariant transverse measure µ. M also carries a leafwise
Riemannian metric g, and we denote by ∇ the leafwise Levi-Civita connection
defined by g. In particular, if X and Y are vector fields on M tangent to the
leaves of F , then ∇XY coincides with the usual Levi-Civita covariant derivative of
Y with respect to X when restricted to each leaf; furthermore we consider such an
expression only for vectors tangent to the leaves of F . As usual, ∇ extends to a
covariant differential operator on the sections of the tensor algebra of the vector
bundle TFM of leafwise tangent vectors, and we denote such an operator by the
same symbol.

Assume that E →M is a vector bundle overM which is measurable and leafwise
smooth. Let ∇E : XF(M)×Γ(E) → Γ(E) be a connection, where XF(M) is the set
of measurable leafwise smooth sections of TFM and Γ(E) is the set of measurable
leafwise smooth sections of E. Let 〈·, ·〉E be a measurable leafwise smooth ∇E -
parallel metric on E.

Denote by Tr,sF (M ;E) the set of measurable leafwise smooth sections of the
vector bundle TFM⊗r ⊗ T ∗FM

⊗s ⊗ E. In particular, Tr,sF (M) will denote the set
of sections of TFM⊗r ⊗ T ∗FM

⊗s. Then ∇ and ∇E induce a covariant differential
operator ∇ which maps

∇ : Tr,sF (M ;E) → Tr,s+1
F (M ;E).



2408 RAUL QUIROGA-BARRANCO

Also, g and 〈·, ·〉E determine a metric on each vector bundle TFM⊗r⊗T ∗FM⊗s⊗E,
which we denote by 〈·, ·〉, and such a metric is ∇-parallel. This in turn induces

〈·, ·〉 : Tr,sF (M ;E)× Tr,sF (M ;E) → C∞F (M),

〈α, β〉(x) = 〈α(x), β(x)〉,
where C∞F (M) is the set of measurable leafwise smooth functions on M . For any
of the above we will denote by | · | the norm associated to a metric 〈·, ·〉. Now let
N be a compact manifold and f : M → N a measurable leafwise smooth map. As
before, we assume that either one of the following holds:

(a) N carries a Riemannian metric h,
(b) N has a smooth foliation carrying a smooth leafwise Riemannian metric h

and f maps leaves into leaves.

We will consider the above remarks for vector bundles given by E = f∗(TN) in
case (a), and by E = f∗(TFN) in case (b). In both cases, the pull-back is defined
by the leafwise differential of f . In particular, the energy density of a map f as
above is the measurable leafwise smooth function e(f) : M → R given by

e(f) =
1

2
|df |2,

where df will always denote the leafwise differential and | · | is the norm constructed
above. The total energy of f is then defined by

E(f) =

∫
M

e(f) dµ dv.

We define a map of vector bundles

Pr,s : TFM⊗r ⊗ T ∗FM
⊗s ⊗ E⊗2 → TFM⊗r ⊗ T ∗FM

⊗s

by the assignment

X ⊗ ω ⊗ α⊗ β 7→ 〈α, β〉EX ⊗ ω

and extending it by multilinearity. If α ∈ Tr,sF (M ;E) and β ∈ Tp,qF (M ;E), then we
define

α� β = Pr+p,s+q(α⊗ β),

which is an element of Tr+p,s+qF (M).
For any connection ∇ on a vector bundle its curvature tensor is defined by

R(X,Y ) = ∇X∇Y −∇Y∇X −∇[X,Y ].

If T ∈ T0,4(P ), where P is a smooth manifold, then T is said to be of curvature
type when the following holds:

T (X,Y, Z,W ) = −T (Y,X,Z,W ),

T (X,Y, Z,W ) = T (Z,W,X, Y ),

T (X,Y, Z,W ) + T (X,Z,W, Y ) + T (X,W, Y, Z) = 0,

for anyX , Y , Z andW . The tensor T is said to be of nonpositive sectional curvature
if T (X,Y, Y,X) ≤ 0 for any X,Y ∈ TxP . Similarly, T is said to be of nonpositive
complexified sectional curvature if T (X,Y, Ȳ , X̄) ≤ 0 for any X,Y ∈ TC

x P , where T
is extended by complex linearity to TCP . In particular, the sectional curvature and
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complexified sectional curvature of a Riemannian manifold, with curvature tensor
R, at a plane spanned by X and Y are given by the expressions

K(X,Y ) =
〈R(X,Y )Y,X〉
|X ∧ Y |2 ,

KC(X,Y ) =
〈R(X,Y )Ȳ , X̄〉

|X ∧ Y |2 .

3.2. The heat equation and transverse measures. We recollect some of the
work of Gromov [11] and Corlette-Zimmer [3] on foliated harmonic theory. They
considered the problem of the existence of leafwise harmonic maps through the
study of a leafwise heat flow. Even though one has existence of such a heat flow for
suitable initial conditions, one may not have convergence since the usual uniform
bounds in the case of compact Riemannian manifolds cannot be extended to the
case of foliations. In order to bypass some of the difficulties, obtaining only partial
results, Gromov [11] introduced a space of functions defined on the leaves of a
foliation.

Definition 3.1. Let M be a compact manifold with a smooth foliation F and a
finite invariant transverse measure µ. Assume that M carries a smooth leafwise
Riemannian metric g for which the leaves are quotients of a fixed irreducible sym-
metric space Ω of noncompact type. Let N be a compact manifold and f : M → N
a measurable map. We further assume that one of the following is satisfied:

(a) N carries a complete Riemannian metric h and f is leafwise smooth,
(b) N has a smooth foliation G carrying a smooth leafwise Riemannian metric h

which is complete on every leaf, and f is a leaf preserving leafwise smooth
map.

Then we define

M = {(x, ϕ) | x ∈M, ϕ : Fx → N is smooth}
where Fx is the leaf in M containing x, and we require ϕ(Fx) to be contained in a
leaf of N in case (b) is satisfied. We denote by π : M →M the natural projection
(x, ϕ) 7→ x, and define the map

f̂ : M ↪→ M,

x 7→ (x, f |Fx).

We also denote by F : M → N the natural evaluation map given by (x, ϕ) 7→ ϕ(x).

From now on, we will consider fixed the irreducible symmetric space Ω; G will
denote the identity component of its group of isometries and K will denote a fixed
maximal compact subgroup of G. The space M has a natural equivalence relation
given by (x, ϕ) ∼ (y, ψ) if and only if Fx = Fy and ϕ = ψ. Furthermore, M is
fairly well behaved, as the following proposition shows.

Proposition 3.2. With M and N as in Definition 3.1, there is a separable metriz-
able topology on M such that the above natural equivalence relation defines a contin-
uous foliation by smooth manifolds for which π is a continuous leafwise smooth map.
Moreover, F is continuous leafwise smooth, and for any smooth map f : M → N

as in Definition 3.1 the associated map f̂ : M ↪→ M is measurable leafwise smooth.

To prove this result we first need the following:
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Lemma 3.3. For M as in Definition 3.1 there is a Borel Map H : M × Ω → M
such that for every x ∈M ,

H(Fx × Ω) ⊆ Fx
and Hx = H(x, ·) : Ω → Fx is a smooth covering satisfying H(x, o) = x, where
o = eK is the origin in Ω = G/K.

Proof. As remarked in [25], there is a compact manifold X , a smooth action on the
right of G on X and a principal K-bundle X → X/K = M so that the pull-back of
a leaf in M is a right G-orbit in X . Moreover, the stabilizer of a point in X is the
fundamental group of the leaf containing the projection of such a point onto M .

If g1, g2 ∈ G are related by g2 = g1k for some k ∈ K, then under the composition
of the maps X ×G→ X and X →M given by the action and natural projection,
respectively, we have

(x, g1) 7→ xg1 7→ xg1K,

(x, g2) 7→ xg2 7→ xg2K = xg1kK = xg1K.

Since Ω = G/K, the above composition induces a smooth map

β : X × Ω →M.

Now choose a Borel section α of the canonical projection X → X/K = M . Then
the map

H : M × Ω →M,

(x, y) 7→ β(α(x), y),

is Borel and clearly maps H(Fx × Ω) ⊆ Fx. Moreover, for any x ∈ M the map
H(x, ·) : Ω → Fx is given by

G/K → (α(x)G)/K,

gK 7→ α(x)gK,

which is a covering since α(x)G ∼= Γx\G, where Γx is the stabilizer of α(x) by
G.

Proof of Proposition 3.2. Let H be as in Lemma 3.3. Define the map

Φ: M →M × C∞(Ω;N),

(m,φ) 7→ (m,φ ◦Hm),

which is an injection and induces a topology on M by taking the weak topology
on C∞(Ω;N), i.e. the topology of uniform convergence on compact sets of partial
derivatives. As remarked in [13], the weak topology in Ck(Ω;N), for k a nonnegative
integer, is compatible with a complete separable metric which we may assume
bounded. The weak topology in C∞(Ω;N) is the union of the countable collection
of topologies given by the inclusions C∞ ↪→ Ck, and hence it is easily seen to be
compatible with a complete separable metric. Therefore, the induced topology on
M is separable and metrizable. In the case of N a Riemannian manifold we use the
globally defined Riemannian metric h to build the (metrizable) weak topology on
C∞(Ω;N). In the case of N carrying a leafwise Riemannian metric h, we choose a
Riemannian metric h1 on N which, by compactness of N , has leafwise restriction
quasi-isometric to h; in particular the choice of h1 is irrelevant and we can still make
computations using h1 and its leafwise Levi-Civita connection whenever necessary.
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With this topology π is clearly continuous and preserves the leaves, so it induces
a continuous foliated structure on M by smooth manifolds.

On the other hand, under Φ the map F corresponds to

Φ(M) → N,

(m,α) 7→ α ◦H−1
m (m),

where H−1
m is a local inverse of Hm : Ω → Fm in a neighborhood of the origin

o = eK of the space Ω = G/K. By Lemma 3.3 we have α ◦ H−1
m (m) = α(o), so

that the map F corresponds to

Φ(M) → N,

(m,α) 7→ α(o),

which is clearly continuous and leafwise smooth.

Finally, given f : M → N smooth, the induced inclusion f̂ : M → M is clearly

leafwise smooth. And since f̂ corresponds to

M →M × C∞(Ω;N),

m 7→ (m, f ◦Hm),

and H(·, ·) = β(α(·), ·), where β is smooth and α is measurable, it is easy to check

measurability for f̂ .

Let f : M → N be a smooth map as in Definition 3.1. Then we can consider the
leafwise heat flow equation

∂u

∂t
= ∆u

with initial condition u0 = f , where ∆ = −d∗∇d is the leafwise Laplacian, d∇ the
leafwise covariant exterior differential operator on f∗(TN)⊗TFM coming from the
metrics on M and N , and d∗∇ is its formal adjoint.

From the work of Li and Tam [15] we have

Proposition 3.4. Let M , N and f be as in Definition 3.1, such that h has non-
positive sectional curvature. If f : M → N is a smooth map, then the leafwise heat
flow equation with initial condition f has a measurable leafwise smooth solution ft
defined on [0,∞) × M . Moreover, in case N satisfies (b) of Definition 3.1, the
maps ft are leaf preserving.

Proof. Since f is smooth, the leafwise energy density e(f) = 1
2 |df |2 is continuous on

M and hence bounded. Then by Theorem 4.1′ of [15], the equation has a solution
on each leaf, and from the way these are constructed measurability follows.

Remark 3.5. Proposition 3.4 holds true for any compact manifold M as above even
if the leafwise Riemannian metric g is not symmetric, as long as g is smooth. The
reason for this is that the results in [15] hold for complete Riemannian manifolds
with the above curvature condition on h as long as the domain of the maps involved
has bounded geometry, which is satisfied in this case since M is compact.

The convergence of the heat flow ft as above cannot be guaranteed. This is
mainly because, the leaves being in general noncompact, we cannot ensure the
uniform bounds on the derivatives of the heat flow that provide its convergence
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in the case of compact manifolds. However, Gromov [11] showed that certain L2-
bounds can be obtained. We state the main results on this proved in [11], and refer
to [11] and [3] for their proof.

Proposition 3.6. Suppose u : [0,∞) ×M → N is a solution of the heat equation
satisfying the hypothesis of Proposition 3.4. Then:

(a) For any T <∞,

ess sup[0,T ]×M |dut| <∞.

(b) The total energy

E(ut) =
1

2

∫
M

|dut|2 dµ dv

is a decreasing function of t.
(c) κ(u) =

∣∣∂u
∂t

∣∣ ∈ L∞([0,∞) ×M), and ess sup{t}×M κ(u) is a decreasing func-
tion of t.

Proposition 3.7. Suppose u : [0,∞) ×M → N is a solution of the heat equation
satisfying the hypothesis of Proposition 3.4. Then for any non-negative integer k
the following hold:

(a) There is a constant C such that∫
M

|∇kdut|2 dµ dv ≤ C

for all t ≥ 0.
(b)

lim
t→∞

∫
M

|∇kd∗∇dut|2 dµ dv = 0.

Now consider the maps f̂t : M ↪→ M associated to the heat flow ft with initial

condition f . Since f̂ is measurable leafwise smooth, and from the construction of ft
in terms of f in Theorems 4.1 and 4.1’ of [15], one can check that f̂t is measurable
leafwise smooth for every t. Then we can consider the one-parameter family of

finite invariant transverse measures on M given by νt = (f̂t)∗(µ). In the following
proposition from Gromov [11] it is proved that this family of measures can be made
to subconverge weakly to a measure that singles out harmonic maps from the leaves
of M into N or the leaves of N (according to whether N is a Riemannian manifold
or a foliation).

Proposition 3.8. Let M , N and a smooth map f : M → N satisfy the conditions
of Definition 3.1. Assume that h has nonpositive sectional curvature. Then the
family of finite invariant transverse measures νt is weakly precompact as t → ∞.
Furthermore, any convergent sequence (νtk), with tk → ∞, has limit ν supported
on the harmonic subfoliation:

H = {(x, ϕ) ∈ M | ϕ is harmonic}.
Proof. By using the estimate (a) from Proposition 3.7 it is easy to show that there
is a constant C(k, r), depending on k and r only, such that for every t ≥ 2∫

m∈M
‖∇kdft|B(m,r)‖2

0 dµ̃(m) ≤ C(k, r),(1)
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where B(m, r) denotes the ball of radius r centered at m in the leaf Fm passing
through m. This equation implies that for t ≥ 2 the set

{m ∈M | ‖∇kdft|B(m,r)‖2
0 >

2k+r+1C(k, r)

δ
}

has µ̃-measure < δ/2k+r+1, so that for every t ≥ 2 the set

Kδ = {m ∈M | ‖∇kdft|B(m,r)‖2
0 ≤

2k+r+1C(k, r)

δ
∀k ≥ 0, ∀r = 1, 2, . . . }

satisfies µ̃(M \Kδ) ≤ δ. On the other hand, for every δ > 0 the set

Kδ = {(m,ϕ) ∈ M | ‖∇kdϕ|B(m,r)‖2
0 ≤

2k+r+1C(k, r)

δ
∀k ≥ 0, ∀r = 1, 2, . . . }(2)

is compact, and since f̂−1
t (Kδ) = Kδ it follows that ν̃t(M \ Kδ) ≤ δ, for every

t ≥ 2. In the notation of [20], the family {ν̃t | t ≥ 2} is uniformly tight and hence
precompact in the space of probability measures on M. Hence any sequence (ν̃tk),
with tk ≥ 2, has a weakly convergent subsequence. Moreover, it is easy to check
that for any weak limit ν̃tk → ν̃, there is a finite invariant transverse measure ν such
that νtk → ν and ν (together with the leafwise Riemannian measures) integrates
to ν̃. In particular, the family of finite invariant transverse measures {νt | t ≥ 2} is
also weakly precompact.

Now let ν be any weak limit of a sequence (νtk) with tk →∞. From the definition
of νt we get ∫

M

|∆ϕ|2 dν̃t =

∫
M

|∆ft|2 dµ̃,

and since by Proposition 3.7 the right-hand side of the above identity converges to
0 as t→∞, it follows that ∫

M

|∆ϕ|2 dν̃ = 0.

In other words, ν is supported on H.

Although Proposition 3.8 provides the existence of a measure supported on har-
monic maps, it might be actually supported on constant maps, making the result
uninteresting. By proving heat flow invariance of the stretch we will show that
positivity of the stretch for the initial condition map f ensures that some of the
maps in the support of ν̃ are non-constant.

3.3. Heat flow invariance of the stretch. By assuming only measurability we
proceed to prove invariance of the stretch under the heat flow.

Proposition 3.9. Let M , N and a smooth map f : M → N be as in Definition 2.7.
Assume that M has a finite invariant transverse measure µ, that the sectional
curvatures of h are nonpositive and that f is a smooth map. If ft is the solution
for the heat equation with initial condition f , then

stre(f) = stre(ft)

for all t ≥ 0.
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Proof. By Proposition 3.6 the function (t,m) 7→
∣∣∣∂f∂t (t,m)

∣∣∣ is in L∞([0,∞) ×M).

For fixed t0 > 0, since M has finite volume it follows that∫ t0

0

∫
M

∣∣∣∣∂ft∂t (m)

∣∣∣∣ dµ dv dt <∞,

and hence the function:

H(m) =

∫ t0

0

∣∣∣∣∂ft∂t (m)

∣∣∣∣ dt
is integrable on M . Let φt and ψt be the functions given in Definition 2.7 and
corresponding to f0 = f and ft0 , respectively. Choose v ∈ SFM and t ≥ 0; then
when restricted to the leaf of p(v) in M the family of maps {ft}0≤t≤t0 defines a
smooth homotopy from f0 to ft0 . Let γt be the geodesic in the leaf of p(v) with
initial velocity vector v and restricted to [0, t]; then the above homotopy of maps
when composed with γt defines a homotopy of paths in N . Using the definitions of
φt and ψt and this homotopy of paths, one can easily show that

φt(v) ≤ ψt(v) + length(α1) + length(α2),

where α1(s) = fs(γt(0)) and α2(s) = fs(γt(t)), both defined for s ∈ [0, t0]. Hence

length(α1) =

∫ t0

0

∣∣∣∣∂fs∂s (γt(0))

∣∣∣∣ ds = H(γt(0)) = H(p(v)).

We also have

length(α2) =

∫ t0

0

∣∣∣∣∂fs∂s (γt(t))

∣∣∣∣ ds = H(γt(t)) = H(p(gtv)).

On the other hand, since dµL is gt-invariant we have∫
SFM

H(p(gtv)) dµL(v) =

∫
SFM

H(p(v)) dµL(v) = Cn−1

∫
M

H(m) dµ = C,

where C is a finite positive constant. Hence, after integrating we obtain∫
SFM

φt(v) dµL(v) ≤
∫
SFM

ψt(v) dµL(v) + 2C.

Dividing by t and taking the limit as t → ∞, we obtain stre(f0) ≤ stre(ft0).
The reverse inequality is obtained by the same argument, so we have stre(f0) =
stre(ft0).

As a consequence of the above result we obtain

Corollary 3.10. Under the assumptions of Proposition 3.8, if stre(f) > 0 then

ν({(m,ϕ) ∈ M | ϕ is not constant}) > 0.

Proof. Let (νtk) be a sequence that converges weakly to ν. By (c′) of Theorem
4.D1 in [11] we have∫

(m,ϕ)∈M

|dϕ| dν dv = lim
tk→∞

∫
M

|dftk | dµ dv,

and by Proposition 2.9 and since stre(ftk) = stre(f) > 0, for all tk, the limit is
strictly positive.
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4. Bochner Formula and Geometric Superrigidity

4.1. Bochner formula on foliated manifolds. In the previous sections we have
established the existence of harmonic maps from the leaves of a foliation into a
Riemannian manifold and into the leaves of a manifold foliated by Riemannian
manifolds. Moreover, by using the notion of stretch, it is possible to have existence
of non-constant harmonic maps. When solving superrigidity problems with geo-
metric techniques for manifolds, after ensuring the existence of suitable harmonic
maps, one proceeds to apply a Bochner formula that allows one to turn harmonic
maps into totally geodesic maps. This usually requires some kind of restriction on
the sign of the curvature of the manifolds involved. A good and rather general
example of such application is found in [16]. In this subsection we will show that
a Bochner formula as in [16] holds for foliated manifolds, providing a tool for geo-
metric superrigidity on foliated spaces. In what follows we will use the remarks and
notations about vector bundles introduced in section 3.

Remark 4.1. In [16] a tensor T of curvature type is defined to have nonpositive
sectional curvature when T (X,Y,X, Y ) ≤ 0, with a similar definition for the com-
plexified sectional curvature. Corresponding to this convention, [16] defines the
curvature tensor of a connection ∇ by the expression

R(X,Y ) = −(∇X∇Y −∇Y∇X) +∇[X,Y ].

Both of these conventions are opposite to those used here, and that accounts for
the difference in the way the Bochner formula is expressed here, in Theorem 4.3
below, and in [16].

As a consequence of the main result in [16] we have

Theorem 4.2. Let M be a compact manifold with a smooth foliation F and a
finite invariant transverse measure µ. Let g be a leafwise Riemannian metric which
turns each leaf into a quotient of an irreducible symmetric space Ω of noncompact
type, which is either of rank ≥ 2 or a Cayley or quaternionic hyperbolic space, and
denote by R the leafwise curvature tensor. Then there is a smooth Q ∈ T

0,4
F (M)

satisfying:

1. Q is of curvature type.
2. 〈Q,R〉 = 0.
3. Q is leafwise parallel.
4. 〈Qx ◦ σ24, α ⊗ α〉 > 0 for any non-zero symmetric traceless tensor α in

T0,2(TxFx), where Fx is the leaf through x and σ24 is the permutation de-
fined by σ24(X,Y, Z,W ) = (X,W,Z, Y ).

5. If rank(Ω) ≥ 2, then 〈Q, T 〉 ≥ 0 for any T ∈ T0,4
F (M) of curvature type with

nonpositive sectional curvature.
6. If rank(Ω) = 1, then 〈Q, T 〉 ≥ 0 for any T ∈ T

0,4
F (M) of curvature type with

nonpositive complexified sectional curvature.

Proof. A tensor Q as above can be constructed on Ω as a parallel tensor. Hence it
is invariant under the group of isometries of Ω, and so it induces a tensor on every
quotient. In particular, each leaf of M carries a tensor with the above properties.
Since g is transversally smooth, so is Q.
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As before, N will denote a compact smooth manifold and f : M → N a measur-
able leafwise smooth map. Furthermore, we will assume that one of the following
is satisfied:

(a) N carries a Riemannian metric h,
(b) N has a smooth foliation carrying a smooth leafwise Riemannian metric h

and f maps leaves into leaves.

Theorem 4.3. Let M be a compact manifold with a smooth foliation F and a
finite invariant transverse measure µ. Assume that M carries a smooth leafwise
Riemannian metric g which turns each leaf into a quotient of Ω as in Theorem 4.2
with Q the corresponding leafwise parallel tensor. Let N be a compact manifold
satisfying the above assumptions. Denote by RN the curvature tensor of h, and
assume that RN has nonpositive sectional curvature if rank(Ω) ≥ 2 and nonpositive
complexified sectional curvature otherwise. If f : M → N is a measurable leaf-
wise smooth map (leaf preserving in the case of N foliated) such that its leafwise
differential df has square-integrable leafwise covariant derivatives, then∫

M

〈Q ◦ σ24,∇df �∇df〉 dµ dv = −1

2

∫
M

〈Q, f∗RN 〉 dµ dv,

where σ24(x, y, z, w) = (x,w, z, y).

Proof. The proof follows the same arguments as the corresponding result in [16] by
making use of Stokes’ theorem for foliations

With our standing assumptions, if f : M → N is a smooth map, then we can
consider the leafwise heat flow ft. For such a one-parameter family of maps, con-
vergence as t → ∞ cannot be guaranteed, and a leafwise harmonic map may not
be available for applications. However, from (b) of Proposition 3.7 we observe that
in a suitable L2 space the heat flow is asymptotically harmonic. We will see that
the tensor Q of curvature type introduced above allows us to further prove that ft
is asymptotically totally geodesic.

Proposition 4.4. Let M , N and f be as in Theorem 4.3. Assume that f : M → N
is a smooth map and let ft be the associated heat flow. Then

lim
t→∞

∫
M

|∇dft|2 dµ dv = 0.

Proof. Notice that ∇dft ∈ T0,2
F (M ; f∗t TN), and write

At =
1

n
trg(∇dft)g,

Bt = ∇dft −At,

where n = dim(Ω). Then Bt is traceless and At is a multiple of (d∗∇dft)g. In
particular, since g is smooth there is a constant C such that

|At| ≤ C|d∗∇dft|,
and by Proposition 3.7 we have

lim
t→∞

∫
M

|At|2 dµ dv = 0.(3)
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It is easy to check that 〈At, Bt〉 = 0, so that |Bt| ≤ |∇dft|. On the other hand,

since Q̃ = Q ◦ σ24 is smooth on M , there is a constant C1 > 0 such that for any
α, β ∈ T0,2

F (M ; f∗t TN) we have

|〈Q̃, α� β〉| ≤ C1|α||β|.
In particular, we have the estimates∣∣∣∣∫

M

〈Q̃, At �At〉 dµ dv
∣∣∣∣ ≤ C1

∫
M

|At|2 dµ dv,(4) ∣∣∣∣∫
M

〈Q̃, At �Bt〉 dµ dv
∣∣∣∣ ≤ C1

(∫
M

|At|2 dµ dv
)1/2(∫

M

|Bt|2 dµ dv
)1/2

,

with a similar relation obtained by interchanging the roles of At and Bt in the last
inequality. By Proposition 3.7 we have

sup
t

∫
M

|Bt|2 dµ dv ≤ sup
t

∫
M

|∇dft|2 dµ dv <∞.

Hence the equations (3) and (4) prove that

lim
t→∞

∫
M

〈Q̃, At �At〉 dµ dv = 0,

lim
t→∞

∫
M

〈Q̃, At �Bt〉 dµ dv = 0,(5)

lim
t→∞

∫
M

〈Q̃, Bt �At〉 dµ dv = 0.

By the properties of Q and since Bt is traceless, we have 〈Q̃, Bt � Bt〉 ≥ 0. Also,
by Theorem 4.3∫

M

〈Q̃,∇dft �∇dft〉 dµ dv = −1

2

∫
M

〈Q, f∗t RN 〉 dµ dv ≤ 0,

where the last inequality follows from the curvature hypothesis on N and the prop-
erties of Q. Hence, using the multilinearity of �, we have

0 ≤
∫
M

〈Q̃, Bt �Bt〉 dµ dv

≤ −
∫
M

〈Q̃, At �At〉 dµ dv −
∫
M

〈Q̃, At �Bt〉 dµ dv −
∫
M

〈Q̃, Bt �At〉 dµ dv,

which by the equations in (5) implies that

lim
t→∞

∫
M

〈Q̃, Bt �Bt〉 dµ dv = 0.(6)

On the other hand, by property 4 of Theorem 4.2 for every x ∈M there is a C2 > 0
such that |α|2 ≤ C2〈Q̃x, α�α〉, for any symmetric traceless (0, 2)-tensor at x. Since

Q̃ is leafwise parallel we can choose C2 constant along every leaf ofM . And since all
leaves homothetic with g are smooth and M is compact, we can choose a constant
C2 which provides the above estimate at every point of M . Hence∫

M

|Bt|2 dµ dv ≤ C2

∫
M

〈Q̃, Bt �Bt〉 dµ dv → 0.

This limit together with∇dft = At+Bt and equation (3) proves the proposition.

As an immediate corollary to this result we have
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Proposition 4.5. Let M , N and f be as in Theorem 4.3. Assume that f : M → N
is a smooth map and let ft be the associated heat flow. Then there is a sequence of
positive real numbers (tk) such that:

lim
k→∞

|∇dftk(x)| = 0

for µ̃-a.e. point x ∈ M , where µ̃ is the measure on M obtained by integrating µ
with respect to the leafwise Riemannian measures.

Proof. By Proposition 4.4 we can choose a sequence of positive real numbers (tk)
such that ∫

M

|∇dftk |2 dµ dv ≤
1

2k
.

For such a choice the conclusion follows easily.

4.2. Applications to the geometry of foliations and Riemannian mani-
folds. As a consequence of the results proved before we have the following refine-
ment of Proposition 3.8:

Theorem 4.6. Let M be a compact manifold with a smooth foliation F carrying a
finite invariant transverse measure µ. Assume that M has a smooth leafwise Rie-
mannian metric g which turns each leaf into a quotient of an irreducible symmetric
space Ω of noncompact type, which is either of rank ≥ 2 or a quaternionic or Cayley
hyperbolic space. Let N be a compact manifold and f : M → N a smooth map, and
assume that one of the following is satisfied:

(a) N carries a Riemannian metric h, or
(b) N has a smooth foliation carrying a smooth leafwise Riemannian metric h

and f is leaf preserving.

Assume that h has nonpositive sectional curvature for rank(Ω) ≥ 2 and nonposi-
tive complexified sectional curvature otherwise. Then the family of finite invariant
transverse measures νt on M (as introduced in Proposition 3.8) has a subsequence
(νtk), with tk → +∞, that weakly converges to a finite invariant transverse mea-
sure ν supported on G = {(x, φ) ∈ M | φ is totally geodesic}, the totally geodesic
subfoliation.

Proof. In what follows, for every δ > 0 the set Kδ will denote the compact subset
of M as defined in the proof of Proposition 3.8.

By Proposition 4.5 there is a sequence of positive real numbers tk → ∞ such
that for µ̃-a.e. x ∈M

lim
k→∞

|∇dftk(x)| = 0.(7)

Then Egorov’s theorem implies that for every δ > 0 there is a compact subset Cδ
of M , with µ̃(M \ Cδ) < δ and such that

lim
k→∞

|∇dftk | = 0(8)

uniformly on Cδ.
Since the natural projection π : M →M is continuous and π∗(νt) = µ for every

t, we have from the proof of Proposition 3.8 that, for the closed set Cδ = π−1(Cδ),

ν̃t(M \ Cδ ∩ Kδ) ≤ ν̃t(M \ Cδ) + ν̃t(M \ Kδ) < 2δ
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for every t ≥ 2 and for every δ > 0, where ν̃t denotes the measure on M coming
from νt and the leafwise volumes. But when restricted to Cδ ∩ Kδ the measures ν̃t
have support contained in

Nδ =

∞⋃
k=0

(Cδ ∩ Kδ ∩ f̂tk(M)).(9)

Hence, we have ν̃t(M \Nδ) < 2δ for every δ > 0. Then the family of measures
{ν̃t | t ≥ 2} is uniformly tight with respect to the compact subsets Nδ ⊂ M.
In particular, by passing to a subsequence, we can assume that the sequence (ν̃tk)
weakly converges to a finite measure ν̃, where (tk) is the sequence for which equation
(7) holds. Observe that since uniform convergence is inherited by subsequences, the
property of the sets Cδ expressed in equation (8) remains valid.

As in the proof of Proposition 3.8, let ν be the finite invariant transverse measure
on M which, together with the leafwise Riemannian measures, integrates to ν̃.
Then, we have the weak limit νtk → ν.

The set Nδ can be rewritten as

Nδ = {(x, φ) ∈ M | ∃(xj , ftk(j)
|Fxj

) ∈ Cδ ∩ Kδ 3 xj → x, ftk(j)
|Fxj

C∞−−→ φ},(10)

where
C∞−−→ denotes convergence in the topology of M, and (tk(j)) is a sequence

taken from the set of real numbers {tk | k = 1, 2, . . .}. Since the limit νtk → ν is
not affected by dropping finitely many terms, we can assume that ν̃ restricted to Nδ

is supported on No
δ defined by (10), where we now assume (tk(j)) is a subsequence

of (tk).
For any element (xj , ftk(j)

|Fxj
) ∈ Cδ, by the property expressed in equation

(8) we have limtk(j)→∞ |∇dftk(j)
(xj)| = 0, so that for ν̃-a.e. (x, φ) ∈ No

δ we have

∇dφ(x) = 0.
Given a sequence δi ↘ 0, one can easily check (see [20]) that ν̃ is supported on

N =
∞⋃
i=1

No
δi .

In particular, for ν̃-a.e. (x, φ) ∈ M we have ∇dφ(x) = 0. Then since ν integrates
to ν̃, it follows that for ν-a.e. leaf in M passing through a point (x, φ) the map φ is
totally geodesic on a conull set of the leaf. As any such φ is smooth, we conclude
that for ν-a.e. leaf passing through a point (x, φ) the map φ is totally geodesic. In
other words, the finite invariant transverse measure ν is supported on the totally
geodesic subfoliation G.

Using our previous results on stretch, we obtain the following corollaries.

Corollary 4.7. Under the assumptions of Theorem 4.6, if stre(f) > 0 then

ν({(m,ϕ) ∈ M | ϕ is not constant}) > 0.

Proof. This is an immediate consequence of Corollary 3.10.

Theorem 4.8. Let M , N and f be as in Theorem 4.6. If stre(f) > 0, then there is
an isometric totally geodesic immersion of Ω into N , for N a Riemannian manifold,
or into a leaf of N , for N a foliated manifold.
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Proof. By Corollary 4.7 and Theorem 4.6 there is a non-constant totally geodesic
map from a leaf of M into N or a leaf ofN , according to whether N is a Riemannian
manifold or a foliation. Since the leaves of M are isometrically covered by Ω, and
by its irreducibility, it follows that such a map is an isometric (up to a constant)
totally geodesic immersion.

Proposition 4.9. Let M be a compact manifold with a smooth foliation carrying
a smooth leafwise Riemannian metric g and a finite invariant transverse measure
µ. Let (N, h) be a compact Riemannian manifold and f : M → N a smooth map.
Assume that each leaf of M is isometrically covered by an irreducible symmetric
space Ω of noncompact type, which is either of rank ≥ 2 or a Cayley or quaternionic
hyperbolic space. Assume also that N has nonpositive sectional curvature in case
rank(Ω) ≥ 2 and nonpositive complexified sectional curvature otherwise. If M has

positive stretch, f(M) is a submanifold and f has a lift f̃ : M̃ → Ñ to universal

covers which is an embedding onto a bounded distortion submanifold of Ñ , then
there is an isometric totally geodesic embedding Ω ↪→ Ñ .

Proof. By Proposition 2.14 the stretch of f is non-zero, so the result follows from
Theorem 4.8.

Remark 4.10. We observe that by Theorem 2.20, if G is the identity component
of the group of isometries of Ω as above, G ↪→ H is a closed inclusion for H
semisimple centerless Lie group without compact factors and Γ ⊂ H a cocompact
lattice, then the foliated manifold Γ\H/K is positively stretched for any maximal
compact subgroup K ⊂ G. In particular, Proposition 4.9 can be applied with
M = Γ\H/K for suitable maps f .

The following elementary remark provides an application of the previous argu-
ments to Riemannian manifolds.

Remark 4.11. Let M̃ be a complete simply connected Riemannian manifold and
M̃ = M0 ×M1 × · · · ×Mk be its de Rham decomposition, where M0 is Euclidean
and eachMi is an irreducible Riemannian manifold for i = 1, . . . , k. If γ ∈ Isom(M̃),
then by Theorem 5.4 on page 185 of [14] it follows that γ permutes the involutive
distributions associated to the irreducible factors of the de Rham decomposition of
M̃ . In particular γ permutes the factors of the de Rham decomposition.

Let Γ be a subgroup of Isom(M̃), and consider the homomorphism ρ : Γ → Sk
that assigns to each isometry the corresponding permutation of the irreducible
de Rham factors of M̃ , where Sk denotes the group of permutations of a set with k
elements. Then the kernel Γ0 = ker(ρ) is a normal finite index subgroup of Γ that

fixes the de Rham decomposition of M̃ , including the order of the factors. Hence
the foliations of M̃ induced by the irreducible factors are Γ0-equivariant.

In particular, ifM is a compact (finite volume) quotient of M̃ ; thenM has a finite
index Galois covering M ′, and hence compact (of finite volume, resp.), such that

the foliations of M̃ defined by the irreducible factors of its de Rham decomposition
induce foliations on M ′. Moreover, any such foliation carries a finite invariant
transverse measure coming from the Riemannian measures on the complementary
factors.

Theorem 4.12. Let (M, g) be a compact connected Riemannian manifold such that

its universal cover (M̃, g) has as a de Rham factor an irreducible symmetric space
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Ω of noncompact type which is either of rank ≥ 2 or a Cayley or quaternionic
hyperbolic space. If h is a Riemannian metric on M with nonpositive sectional
curvature in the case of rank(Ω) ≥ 2 and with nonpositive complexified sectional
curvature otherwise, then the Riemannian universal cover of (M,h) has an irre-
ducible de Rham factor containing Ω by an isometric totally geodesic embedding.
In particular, if rank(Ω) ≥ 2 and all rank 1 factors of (M̃, h) have strictly negative
sectional curvature, then through every point of (M,h) there is an isometric and
totally geodesic immersed copy of Ω.

Proof. By Remark 4.11 we can replaceM by a finite cover to assume that it satisfies
the hypothesis of Proposition 4.9, then by Proposition 2.18 it is positively stretched.
For f = id the rest of the conditions in Proposition 4.9 are clear, so there is an
isometric totally geodesic embedding Ω ↪→ (M̃, h).

If X is a de Rham factor of (M̃, h), then by taking composition with the natural
projection we have a totally geodesic map Ω → X . At least one such map is non-
constant, and when this holds we have (by irreducibility of Ω) an isometric totally
geodesic embedding Ω ↪→ X . In particular we can assume that such a map exists
for an irreducible de Rham factor X0.

If every rank 1 factor of (M̃, h) has strictly negative sectional curvature, then X0

must have rank ≥ 2. Since (M,h) is compact with nonpositive sectional curvature,
by [7] the Riemannian manifold X0 is symmetric. By homogeneity, the inclusion
of symmetric spaces Ω ↪→ X0 can be used to show that through every point of X0

there is an isometric and totally geodesic embedded copy of Ω. This remark clearly
implies the last claim of the statement.

In order to improve the consequences of Theorem 4.8 for leaf preserving maps
between foliations we will use the following lemma.

Lemma 4.13. Let M , N and f be as in Theorem 4.6 satisfying case (b). Assume
N carries a finite invariant transverse measure ρ and that f preserves the transverse
measures, i.e. f∗(µ) = ρ. Then for F : M → N the map given in Definition 3.1
and ν the finite invariant transverse measure of Theorem 4.6 we have F∗(ν) = ρ.

Proof. Let ft be the heat flow associated to f ; then by the definition of F the
following diagram is commutative:

M
F

M

f̂t

ft
N

Since the heat flow is leaf preserving, every ft defines the same map between
transversals given by f . In particular, we have (ft)∗(µ) = ρ, so that by the above
diagram we conclude that

F∗(νt) = F∗((f̂t)∗(µ)) = (F ◦ f̂t)∗(µ) = (ft)∗(µ) = ρ.

In Theorem 4.6, the transverse measure ν is a weak limit of a sequence (νtk), and
since we have F∗(νtk) = ρ for each tk, it follows that F∗(ν) = ρ.

Theorem 4.14. Let M and N be compact manifolds with smooth foliations carry-
ing smooth leafwise Riemannian metrics g and h, respectively, and finite invariant
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transverse measures µ and ρ, respectively. Assume that each leaf of M is isomet-
rically covered by an irreducible symmetric space Ω of noncompact type which is
either of rank ≥ 2 or a Cayley or quaternionic hyperbolic space. Also assume that
h has nonpositive sectional curvature in case rank(Ω) ≥ 2 and nonpositive com-
plexified sectional curvature otherwise. If f : M → N is a smooth leaf preserving
map with stre(f) > 0 and that preserves the transverse measures, i.e. f∗(µ) = ρ,
then there is an isometric (up to a constant) totally geodesic immersion of Ω into
a.e. leaf of N .

Proof. Let µ and ρ be the finite invariant transverse measures of M and N , respec-
tively. Let ν be the finite invariant transverse measure of M from Theorem 4.6, so
that by Lemma 4.13 we have F∗(ν) = ρ.

Since stre(f) > 0, by Corollary 3.10 there is a leaf-satured subset M0 of M, with
positive ν-measure, such that for every (x, φ) ∈ M0 the map φ is a non-constant
totally geodesic map from a leaf of M into a leaf of N . Hence, from the condition
F∗(ν) = ρ we conclude that the leaf saturation L of the subset F (M0) of N has
positive ρ-measure and is such that there is a non-constant totally geodesic map
from Ω into every leaf contained in L. Moreover, any such map is (by irreducibility
of Ω) an isometric totally geodesic immersion. For ergodic transverse measures
the result follows, since L must be conull in this case. In the general case, we can
apply this argument to ergodic decompositions of the transverse invariant measures,
whose terms are preserved by f and every map ft.

As a corollary of Theorem 4.14 we obtain the following metric rigidity theorem
for leafwise Riemannian metrics which are locally symmetric.

Theorem 4.15. Let M be a compact manifold with a smooth foliation F , a finite
invariant transverse measure and a smooth leafwise Riemannian metric g. Assume
that each leaf is isometrically covered by an irreducible symmetric space Ω of non-
compact type, which is either of rank ≥ 2 or a Cayley or quaternionic hyperbolic
space. Let h be a smooth leafwise Riemannian metric on M which has nonpositive
sectional curvature if rank(Ω) ≥ 2, and nonpositive complexified sectional curvature
otherwise. Then g and h are homothetic on µ-a.e. leaf of M .

Proof. By Proposition 2.21 the stretch of the identity map is positive. Hence the
result follows from Theorem 4.14.

5. Concluding Remarks

5.1. Positive stretch and topologically engaging actions. The notion of a
positively stretched manifold was introduced to deal with the problem of foliated
heat flow. More specifically, a positively stretched manifold provides non-trivial
harmonic maps defined on some of its leaves, as Corollaries 3.10 and 2.15 show.
We used a foliated Bochner formula to improve these results to obtain non-trivial
totally geodesic maps defined on the leaves of a foliation. This in turn provided a
solution to our superrigidity problems for foliations formulated in Problems A and
B. Because of this, it should not be surprising to find some links between positively
stretched manifolds and known criteria for a manifold to have rigid properties like
the notion of a topologically engaging action considered by Zimmer [26]. In what
follows we will show the relation between positive stretch and Zimmer’s topological
engagement condition.
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As before, let M be a compact manifold with a smooth foliation F , a leafwise
Riemannian metric g and a finite invariant transverse measure µ. Assume that a
Riemannian metric h on M is given. Then the following lemma holds.

Lemma 5.1. If p-stre(M,h;F , g)(v) > 0 for every v ∈ SFM , then the g-geodesics

in the leaves of the foliation F̃ in the universal cover M̃ have no accumulation point
in M̃ as t→∞.

Proof. Assume there is a v ∈ SF̃M̃ such that the g-geodesic γ̃ determined by v
satisfies γ̃(tk) → p for some sequence |tk| → ∞. Without loss of generality we can
assume that tk → +∞. Then after projecting v into SFM we obtain

φtk(v) = d(M̃,h)(γ̃(0), γ̃(tk)).

Hence we have

lim
k→∞

φtk(v)

tk
= 0,

which implies p-stre(M,h;F , g)(v) = 0.

Now let G be a centerless semisimple Lie group without compact factors, and
K ⊂ G a maximal compact subgroup. Assume that there is a a locally free right
action of G on a compact manifold X , with torsionless stabilizers. Then M = X/K
is a compact manifold with a smooth foliation F induced by the G-orbits in X .
Moreover, the natural projection π : X →M is a principal K-bundle and M carries
a leafwise Riemannian metric g such that each leaf is isometrically covered by the
symmetric space Ω = G/K.

We recall that the action of G on X is called topologically engaging if, for the
lifted action X̃ × G̃ → X̃ to universal covers, there is a λ̃ ∈ G̃ whose orbits in X̃
are locally closed and λ̃ does not project to a compact subgroup of G.

Proposition 5.2. For G, X, M and g as above, if for some Riemannian metric
h in M we have

p-stre(M,h;F , g)(v) > 0

for every v ∈ SFM , then the action of G on X is topologically engaging.

Proof. Let g = k + m be a Cartan decomposition of the Lie algebra g = Lie(G)

satisfying k = Lie(K). Choose v ∈ m \ {0} and let λ̃ = exp(v) ∈ G̃.

Since λ̃ does not project to a compact subgroup of G, it suffices to show that
the λ̃-orbits in X̃ are locally closed. In fact, we will prove that the one-parameter
subgroup λ̃t = exp(tv) has closed orbits in X̃ .

Suppose that there is an x̃0 ∈ X̃ so that the λ̃t-orbit through x̃0 is not closed.
Then there exists |tk| → ∞ such that

α̃(tk) → p /∈ {x̃0 exp(tv)}t,
where α̃(t) = x̃0 exp(tv).

Consider the commutative diagram

X̃
π̃

M̃

X
π

M

where π̃ is a lift to universal covers.
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Let α be the path inX induced by projecting α̃; in other words, α(t) = x0 exp(tv)

where x0 is the projection of x̃0 under the universal cover map X̃ → X . Consider
the path γ = π ◦α, which is given by γ(t) = x0 exp(tv)K. It easy to check that, by
the choice of the leafwise Riemannian metric g and the basic theory of symmetric
spaces, the path γ is a g-geodesic in a leaf in M .

By the above commutative diagram, the path γ̃ = π̃ ◦ α̃ is a lift of γ and hence
a g-geodesic in M̃ . Moreover, it satisfies:

γ̃(tk) → π̃(p),

which contradicts Lemma 5.1. Hence the g̃t-orbits are closed.

5.2. Further developments. Zimmer [26] used the topological engagement as-
sumption to study the fundamental group of a manifold acted upon by a semisim-
ple Lie group. Proposition 5.2 shows that an action that generates a pointwise
positively stretched foliation is topologically engaging. Hence if we view positive
stretch, i.e. stre(M,h;F , g) > 0, as a weaker but similar condition to that of topo-
logical engagement we can proceed to study the fundamental group of a mani-
fold with a positively stretched foliation. In a sense, the main idea is to consider
stre(M,h;F , g) > 0 as implying a sort of topological engagement property on the
average. Now we formulate a series of conjectures that come out of these remarks.

Gromov [10] proved that if G is a semisimple Lie group with finite fundamental
group and no compact factors acting real analytically on a compact manifold X
preserving a unimodular rigid structure of algebraic type (e.g. a pseudo-Riemannian
metric), then the action is topologically engaging. Based essentially on this funda-
mental result, Spatzier and Zimmer proved the following:

Theorem (Spatzier-Zimmer [21]). Let G be connected Lie group with finite center,
finite fundamental group and with R-rank ≥ 2. Let X be a compact manifold and
suppose there is a real analytic action of G on X preserving a real analytic con-
nection and a finite measure. Then π1(X) is not isomorphic to the fundamental
group of any complete Riemannian manifold N with negative curvature bounded
away from 0 and −∞.

Based on this, we expect that in the above theorem one can replace the exis-
tence of an invariant connection by the condition of M = X/K being a positively
stretched manifold. More precisely:

Conjecture. Let G be a connected centerless noncompact simple Lie group of R-
rank ≥ 2, and K a maximal compact subgroup of G. Let X be a compact manifold
and suppose there is a locally free action of G on X preserving a finite measure
and such that M = X/K is a positively stretched foliated manifold. Then π1(X) is
not isomorphic to the fundamental group of any complete Riemannian manifold N
with negative curvature bounded away from 0 and −∞.

Related to this setup, one can consider the statement obtained by replacing X
by a compact foliation, without actually considering an action:

Conjecture. Let M be a compact manifold with a smooth foliation carrying a
smooth leafwise Riemannian metric g and a finite invariant transverse measure.
Assume that each leaf is isometrically covered by an irreducible symmetric space
Ω of rank ≥ 2. If M is positively stretched, then π1(M) is not isomorphic to the
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fundamental group of any complete Riemannian manifold N with negative curvature
bounded away from 0 and −∞.

This conjecture would follow for N compact from Theorem 4.8 as long as one
could guarantee the existence of a map f : M → N whose stretch is bounded from
below by the stretch of M—this is a consequence of the hypothesis π1(M) ∼= π1(N).
This remark suggests a way of improving the conditions we have given for a map
or a foliation to be positively stretched. Related to this problem, we expect the
following to hold:

Conjecture. Let M and N be compact manifolds with smooth foliations carrying
smooth leafwise Riemannian metrics and finite invariant transverse measures. Let
f : M → N be a smooth leaf preserving map. If f defines a measure preserving
transverse equivalence, then stre(f) > 0.

Such a result would improve Theorems 4.14 and 4.15 to statements more in the
spirit of the strong rigidity for foliations from Zimmer [22].
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